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 Distance-regular Graphs with  b 2  5  1 and Antipodal Covers
 M AKOTO A RAYA , A KIRA H IRAKI AND  A LEKSANDAR  J URIS ä IC ´
 We show that a distance-regular graph of valency  k  .  2 is antipodal , if  b 2  5  1 .  This answers
 Problem (i) on p . 182 of Brouwer , Cohen and Neumaier [4] .
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 1 .  I NTRODUCTION
 Let  G  be a connected finite undirected graph without loops or multiple edges . For
 vertices  u  and  x  in  G , let  ­ G ( u ,  x ) denote the  distance  between  u  and  x  in  G , i . e . the
 length of a shortest path connecting  u  and  x .  Let  d  5  d ( G ) denote the  diameter  of  G , i . e .
 the maximal distance between any two vertices in  G . We denote by  G i ( u ) the set of
 vertices of  G  at distance  i  from a vertex  u .
 A graph  G  is called a  distance - regular graph  if the numbers
 c i  5  u G i 2 1 ( u )  >  G 1 ( x ) u ,  a i  5  u G i ( u )  >  G 1 ( x ) u  and  b i  5  u G i 1 1 ( u )  >  G 1 ( x ) u
 depend on the distance  ­ G ( u ,  x )  5  i  rather than on individual vertices . When this is the
 case , we call the numbers  c i  , a i  and  b i  the  intersection numbers  of  G . In particular ,
 k  5  b 0  is called the  y  alency  of  G . Furthermore ,
 i  ( G )  5 5  p a 0
 b 0
 c 1
 a 1
 b 1
 c 2
 a 2
 b 2
 .  .  .
 .  .  .
 .  .  .
 c d 2 1
 a d 2 1
 b d 2 1
 c d
 a d
 p
 6
 is called the  intersection array  of  G . A graph  G  is said to be a  strongly regular graph
 when  G  is a distance-regular graph with  d  5  2 .
 The reader is referred to [2] , [4] or [6] for a general theory of distance-regular
 graphs .
 For a graph  G , we define the  distance - i graph  G ( i ) to be the graph with the same
 vertex set as  G , and with two vertices adjacent whenever they are at distance  i  in the
 graph  G . A graph  G  of diameter  d  .  1 is called  antipodal  if the distance- d  graph  G ( d ) is a
 disjoint union of cliques . In this case , we define the  folded graph  of  G  as the graph  G #  the
 vertices of which are the maximal cliques of  G ( d ) ,  and two cliques are adjacent if there
 is an edge between them in  G . Moreover , if all maximal cliques in  G ( d ) have same size  r ,
 then  G  is also called an  antipodal r - co y  er  (and for  r  5  2 an  antipodal double co y  er ) of  G #  .
 For example , the dodecahedron is an antipodal double cover of the Petersen graph .
 It is well known that a distance-regular graph  G  of diameter  d  P  h 2 m ,  2 m  1  1 j  is an
 antipodal  r -cover if f  b i  5  c d 2 i  for any  i  ?  m ,  where  r  5  1  1  b m  / c d 2 m .  For more details
 on antipodal graphs , see [5] and [4 ,  § 4 . 2] .
 There are only a few known non-antipodal distance-regular graphs with  b j  5  1 for
 some  j .  These are the Coxeter graph , the Livingstone graph and the Biggs – Smith
 graph . In Brouwer , Cohen and Neumaier [4 , p . 182] , the following problems are
 proposed .
 Let  G  be a distance-regular graph of diameter  d  and valency  k  .  2 .  Then :
 (P1)  Does b 2  5  1  imply that  G  is antipodal ?
 243
 0195-6698 / 97 / 030243  1  06  $25 . 00 / 0  ej960097  Ö  1997 Academic Press Limited
 M . Araya  et al . 244
 (P2)  Does b d 2 1  5  1  and a 1  .  0  imply that  G  is antipodal ?
 The following theorem is the main result of this paper , and it is the answer to the
 above problem (P1) .
 T HEOREM 1 .  Let  G  be a distance - regular graph with k  .  2 . If b 2  5  1 , then  G  is
 antipodal and one of the following holds :
 (i)  G  is the dodecahedron ;
 (ii)  d  5  4  and  G  is an antipodal double co y  er of a strongly regular graph with parameters
 ( k ,  a 1  ,  c 2 )  5  ( n
 2  1  1 ,  0 ,  2)  for an integer n not di y  isible by four ;
 (iii)  d  5  3  and  G  is an antipodal co y  er graph of a complete graph .
 Part (iii) answers the above problem (P2) in the case of diameter 3 without any
 restrictions on  a 1  .
 For the case  d  >  5 and  b 2  5  1 ,  it is already known that Theorem 1(i) holds ; see [4 , p .
 156] or Proposition 3 of this paper .
 In an earlier paper [1] we obtained the following result .
 T HEOREM 2 .  Let  G  be a distance - regular graph with k  .  2 . If b t  5  1  and  2 t  <  d , then  G
 is an antipodal double co y  er .
 This result implies that  G  is an antipodal double cover when  d  5  4 and  b 2  5  1 ,  a fact
 that was first proved by Lambeck [7 , Prop . 2 . 8] . In Section 2 , the parameters of the
 folded graph  G #  are determined in order to show that Theorem 1(ii) holds in this case .
 In Section 3 , the remaining case , i . e .  d  5  3 ,  is treated , and we prove that  G  is antipodal .
 This case has already been considered by Lambeck [7] , who has used a computer to
 show that there are no feasible intersection arrays on at most 10 7 vertices and valency
 at most 100 .
 We implicitly use the following basic properties of intersection numbers :
 (i)  k  5  c i  1  a i  1  b i  ;
 (ii)  k  5  b 0  .  b 1  >  .  .  .  >  b d 2 1  >  1 and 1  5  c 1  <  c 2  <  .  .  .  <  c d  <  k ;
 (iii)  c i  <  b j  if  i  1  j  <  d .
 2 .  D IAMETER 4 C ASE
 First , we briefly consider the diameter  d  >  5 case , which has already been solved . In
 this case ,  c 3  <  b 2  .  Case (i) of Theorem 1 is the direct consequence of the following
 result ; see [4 ,  § 4 . 3 . C] and [8] .
 P ROPOSITION 3 .  Let  G  be a distance - regular graph with k  .  2 . If b 2  5  c 3  5  1 , then  G  is
 the dodecahedron .
 P ROOF .  If  b 2  5  c 3  5  1 ,  then we have , by [4 , 5 . 5 . 1(iii)] ,  a 1  1  2  <  b 2  1  c 3  5  2 and hence
 a 1  5  0 .  Since  a 2  5  k  2  2  .  0 ,  we have , by [4 , 4 . 3 . 12(iv)] , 0  ,  a 2  <  b 2  5  1 ,  and we obtain
 k  5  3 .  Therefore  G  is the dodecahedron , by the classification of distance-regular graphs
 of valency 3 [3] .  h
 Next , we consider the diameter 4 case . Recall that , by Theorem 2 ,  G  is an antipodal
 double cover when  d  5  4 and  b 2  5  1 .  Here we determine the parameters of the folded
 graph  G #  .
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 P ROPOSITION 4 .  Let  G  be a distance - regular graph of diameter d  5  4 ,  y  alency k  .  2
 and b 2  5  1 . Then a 1  5  0  and  G  is an antipodal double co y  er of a strongly regular graph
 with parameters  ( k ,  a 1  ,  c 2 )  5  ( n
 2  1  1 ,  0 ,  2)  for an integer n not di y  isible by four .
 P ROOF .  Consider the folded graph  G #  of  G , which is , by [4 , 4 . 2 . 2] , a strongly regular
 graph with  c 2  5  2 .  Non-trivial eigenvalues of  G #  are the roots of the quadratic equation
 θ  2  1  (2  2  a 1 ) θ  1  (2  2  k )  5  0 ,
 and among strongly regular graphs only conference graphs allow non-integer eigen-
 values ; see [4 , 1 . 3 . 1(i)(ii)] . By van Bon [4 , p . 180] , conference graphs have no antipodal
 covers of diameter 4 . Thus we obtain , from the expression for the non-trivial
 eigenvalue , that
 ( a 1  2  2)
 2  1  4( k  2  2)  5  x  2
 for some positive integer  x ,  and  x  .  a 1 as  x
 2  5  a  2 1  1  4( k  2  a 1  2  1) .
 First , let us suppose that  a 1  ?  0 .  Then , by [4 , 4 . 2 . 5] ,  a  2 1  1  4 k  5  y  2 for some positive
 integer  y .  As  k  .  a 1  1  1 ,  we have  y  .  a 1  1  2 .  Hence we obtain
 (  y  1  x )(  y  2  x )  5  y 2  2  x 2  5  4( a 1  1  1)  and  y  1  x  .  2 a 1  1  2 .
 This implies 2 y  5  4 a 1  1  5 ,  which is impossible .
 Therefore  a 1  5  0 and 4( k  2  1)  5  x
 2 ,  so  k  5  n 2  1  1 for an integer  n .  Hence  G  is an
 antipodal double cover of a strongly regular graph with parameters ( k ,  a 1  ,  c 2 )  5
 ( n 2  1  1 ,  0 ,  2)  for an integer  n .  Its eigenvalues are  k  5  n 2  1  1 ,  θ  1  5  n  2  1 and  θ  2  5
 2 n  2  1 ,  with multiplicities  m ( k )  5  1 , m ( θ  1 )  5  ( n 2  1  1)( n 2  1  n  1  2) / 4 and  m ( θ  2 )  5  ( n 2  1
 1)( n 2  2  n  1  2) / 4 .  Therefore  n  is not divisible by four .  h
 R EMARK .  For any integer  n  not divisible by four , intersection arrays
 i  ( G )  5 5  p 0
 n 2  1  1
 1
 0
 n 2
 1
 n 2  2  1
 1
 n 2
 0
 1
 n 2  1  1
 0
 p
 6
 are feasible . For  n  5  2 we obtain the Wells graph and for  n  5  3 there is no such graph
 G , since it would cover the Gewirtz graph ; see [4 , 11 . 4 . 5] .
 3 .  D IAMETER 3 C ASE
 In this section , we show the following result .
 P ROPOSITION 5 .  Let  G  be a distance - regular graph with diameter d  5  3  and  y  alency
 k  .  2 . If b 2  5  1 , then  G  is an antipodal co y  er of a complete graph .
 The following statements are the elementary properties which we implicitly use in
 this section . Let  u  and  x  be vertices of  G . Then :
 (i)  the numbers  k i  : 5  u G i ( u ) u  depend only on  i ;
 (ii)  k 0  5  1 and  k i 1 1 c i 1 1  5  k i b i  for 0  <  i  <  d  2  1 ;
 (iii)  the numbers  p h i ,j  : 5  u G i ( u )  >  G j ( x ) u  depend only on  i , j  and  h  5  ­ G ( u ,  x ) ;
 (iv)  p h i ,j k h  5  p
 j
 i ,h k j  and  o d i 5 0  p h i ,j  5  k j  for any  i , j  and  h .
 To prove the above proposition , we need the following lemmas .
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 L EMMA 6 .  Let  G  be a distance - regular graph of diameter d  5  3  and let a 3  ?  0 . If
 p 2 3 , 3  5  0 , then p
 3
 3 , 3  5  0 . Moreo y  er , if b 2  5  1 , then  G  is a heptagon .
 P ROOF .  Let  D  be the distance-3 graph of  G . From  a 3  ?  0 and  p 2 3 , 3  5  0 ,  we obtain
 ­ D ( x ,  y )  5 5
 0
 1
 2
 3
 if  x  5  y ,
 if  ­ G ( x ,  y )  5  3 ,
 if  ­ G ( x ,  y )  5  1 ,
 if  ­ G ( x ,  y )  5  2 .
 Hence  D  is distance-regular and has the intersection array
 i  ( D )  5 5  p 0
 k 3
 1
 p 3 3 , 3
 a 3
 p 1 3 , 3
 0
 p 1 3 , 2
 b 2
 k 3  2  b 2
 p
 6  .
 By [4 , 5 . 5 . 1(i) or 5 . 5 . 6(i)] , we have  p 3 3 , 3  5  a 1 ( D )  5  0 .  If  b 2  5  1 ,  then  c 3 ( D )  5  1 and  D  is a
 Moore graph . See [2 , III . 3] and [4 ,  § 6 . 7] . Hence  D  is a heptagon and so is  G .  h
 L EMMA 7 .  Let  G  be a distance - regular graph of diameter d . If p  2 d ,d  5  1 , then
 c d  p
 1
 d ,d  >  p
 d
 d , 2 a d  1  ( b 1  2  c d )( k d  2  1  2  p
 d
 d , 2 ) .
 P ROOF .  Let  u  and  x  be vertices of  G  with  ­ G ( u ,  x )  5  d .  Set  C  5  G 1 ( u )  >  G d 2 1 ( x ) ,
 A  5  G 1 ( u )  >  G d ( x ) , H  5  G d ( u )  >  G 2 ( x ) and  J  5  G d ( u )  2  ( h x j  <  H ) .  Then we have
 G 1 ( u )  5  C  <  A ,  u C u  5  c d  ,  u A u  5  a d  ,  u H u  5  p d d , 2 and  u J u  5  k d  2  1  2  p d d , 2 .
 Claim  1 :  u G d (  y )  >  C u  5  a d for any y  P  H .
 Let  y  P  H .  Suppose that there exists  z  P  G d (  y )  >  A .  Then  h z ,  u j  Ô  G d ( x )  >  G d (  y ) .  This
 contradicts  p 2 d ,d  5  1 .  Thus we have  G d (  y )  >  A  5  [  and
 a d  5  u G d (  y )  >  G 1 ( u ) u  5  u G d (  y )  >  C u  1  u G d (  y )  >  A u  5  u G d (  y )  >  C u .
 Claim  2  :  u G d (  y )  >  C u  >  b 1  2  c d for any y  P  J .
 Let  y  P  J .  It is suf ficient to show that  u G d (  y )  >  A u  <  1  1  a 1  ,  since
 u G d (  y )  >  C u  1  u G d (  y )  >  A u  5  u G d (  y )  >  G 1 ( u ) u  5  a d  5  ( b 1  2  c d )  1  (1  1  a 1 ) .
 We may assume that  G d (  y )  >  A  ?  [ .  Let  z  P  G d (  y )  >  A .  Take any  w  P  G d (  y )  >  A  2  h z j .
 If  w  ¸  G 1 ( z ) ,  then  ­ G ( z ,  w )  5  2 and  h x ,  y j  Ô  G d ( z )  >  G d ( w ) ,  which contradicts  p 2 d ,d  5  1 .
 Thus we have  G d (  y )  >  A  Ô  h z j  <  ( G 1 ( u )  >  G 1 ( z )) .  Hence Claim 2 holds .
 Now we count the elements of the set  Q  : 5  h ( y  ,  y )  3  y  P  C , y  P  G d ( u ) ,  ­ G ( y  ,  y )  5  d j  in
 two ways . Then
 u Q u  5  O
 y  P C
 u G d ( u )  >  G d ( y  ) u  5  O
 y  P C
 p 1 d ,d  5  u C u  p 1 d ,d  5  c d  p 1 d ,d .
 On the other hand , by Claims 1 and 2 ,
 u Q u  5  O
 y P G d ( u )
 u G d (  y )  >  C u
 5  u G d ( x )  >  C u 1  O
 y P H
 u G d (  y )  >  C u  1  O
 y P J
 u G d (  y )  >  C u
 >  0  1  u H u  a d  1  u J u  ( b 1  2  c d )
 5  p d d , 2 a d  1  ( b 1  2  c d )( k d  2  1  2  p
 d
 d , 2 ) .
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 Hence we have
 c d  p
 1
 d ,d  5  u Q u  >  p d d , 2 a d  1  ( b 1  2  c d )( k d  2  1  2  p d d , 2 ) .  h
 In the rest of this section , we assume that  G  is a distance-regular graph of valency
 k  .  2 , d  5  3 and  b 2  5  1 .  If  a 3  5  0 ,  then  c 3  5  b 0  ,  so  G  is an antipodal cover of a complete
 graph . So we assume  a 3  ?  0 to derive a contradiction . By Proposition 3 and Lemma 6 ,
 we have  c 3  .  1 and  p
 2
 3 , 3  >  1 .
 L EMMA 8 .  (1)  c 3  p
 2
 3 , 3  5  p
 3
 2 , 3  5  a 3 ( b 1  2  c 3 ) / c 2  .
 (2)  a 3  >  a 1  1  2  >  2 .
 (3)  c 2  p
 2
 3 , 3 ( c 3 a 3  2  c 3  2  a 3 )  <  a 3 ( k  2  c 2  2  c 2 a 3 ) .
 (4)  c 2  5  1 .
 (5)  b 1  5  (  p
 2
 3 , 3  1  a 3 ) c 3 / a 3  and  (  p 2 3 , 3  2  1)( c 3  2  1) a 3  <  c 3  p 2 3 , 3 .
 P ROOF .  (1) The second equality follows from [4 , 4 . 1 . 7] .
 (2)  Suppose that  a 3  <  a 1  1  1 .  Then we have the following contradiction :
 0  ,  c 2 c 3  p
 2
 3 , 3  5  a 3 ( b 1  2  c 3 )  5  a 3 ( a 3  2  a 1  2  1)  <  0 .
 (3)  Since  k 3  5  p
 3
 0 , 3  1  p
 3
 1 , 3  1  p
 3
 2 , 3  1  p
 3
 3 , 3 and  b 1  5  ( c 2  p
 2
 3 , 3  1  a 3 ) c 3 / a 3 from (1) , we have
 0  <  p 3 3 , 3  5  k 3  2  p
 3
 0 , 3  2  p
 3
 1 , 3  2  p
 3
 2 , 3
 5
 kb 1
 c 2 c 3
 2  1  2  a 3  2  c 3  p
 2
 3 , 3
 5
 1
 c 2 a 3
 ( kc 2  p
 2
 3 , 3  1  ka 3  2  c 2 a 3  2  c 2 a
 2
 3  2  c 2 c 3 a 3  p
 2
 3 , 3 )
 5
 1
 c 2 a 3
 ( c 2  p
 2
 3 , 3 ( k  2  c 3 a 3 )  1  a 3 ( k  2  c 2  2  c 2 a 3 )) ,
 which implies the desired result .
 (4)  Note that  c 3 a 3  2  c 3  2  a 3  >  0 as  c 3  , a 3  >  2 .  If  c 2  >  2 ,  then (3) implies
 2( c 3 a 3  2  c 3  2  a 3 )  <  c 2  p
 2
 3 , 3 ( c 3 a 3  2  c 3  2  a 3 )
 <  a 3 ( k  2  c 2  2  c 2 a 3 )
 <  a 3 ( k  2  2  2  2 a 3 )  5  a 3 ( c 3  2  2  2  a 3 ) .
 Hence
 0  >  c 3 a 3  2  2 c 3  1  a
 2
 3  5  c 3 ( a 3  2  2)  1  a
 2
 3  .  0 .
 This is a contradiction and therefore  c 2  5  1 .
 (5)  These statements follow from (1) , (3) and (4) .  h
 L EMMA 9 .  (1)  p 2 3 , 3  5  1 .
 (2)  p 3 3 , 2  5  c 3  , p
 3
 3 , 3  5  c 3 / a 3  5  b 1  2  c 3  and p  1 3 , 3  5  a 3  1  1 .
 P ROOF .  (1)  Suppose that  p 2 3 , 3  >  2 to derive a contradiction . By Lemma 8(1)(4) , we
 have
 2  3  2  <  c 3  p
 2
 3 , 3  5  a 3 ( b 1  2  c 3 )  5  a 3 ( a 3  2  a 1  2  1) .
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 This implies 3  <  a 3  .  Hence , by Lemma 8(5) , we obtain
 3  <  a 3  <
 c 3
 c 3  2  1
 3
 p 2 3 , 3
 p 2 3 , 3  2  1
 <  4 .
 By  b 1  5  (  p
 2
 3 , 3  1  a 3 ) c 3 / a 3  ,  the possible parameters are
 ( a 3  ,  c 3  ,  p
 2
 3 , 3 ,  b 1 )  5  (3 ,  3 ,  2 ,  5) ,  (3 ,  2 ,  3 ,  4)  or  (4 ,  2 ,  2 ,  3) .
 It is not hard to verify that these parameters are ruled out by the integrality condition
 on the multiplicities of eigenvalues of  G . Therefore  p 2 3 , 3  5  1 .
 (2)  These statements are direct consequences of (1) and Lemma 8 .  h
 P ROOF OF  P ROPOSITION 5 .  By Lemmas 7 and 9 , we have
 0  >  p 3 3 , 2 a 3  1  ( b 1  2  c 3 )( k 3  2  1  2  p
 3
 3 , 2 )  2  c 3  p
 1
 3 , 3
 5  c 3 a 3  1  ( b 1  2  c 3 )(  p
 3
 3 , 1  1  p
 3
 3 , 3 )  2  c 3 ( a 3  1  1)
 5  c 3 a 3  1
 c 3
 a 3
 S a 3  1  c 3 a 3 D  2  c 3 a 3  2  c 3
 5 S c 3
 a 3
 D 2  .  0 .  h
 This is a contradiction .
 Theorem 1 follows directly from Propositions 3 , 4 and 5 .
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